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SCOPE 

The adsorption and surface mobility of substances on solids is 
relevant in such diverse processes as catalysis, some proposed sepa- 
rations, and olfactory reception by insects. As is well known, there 
is an attractive potential for fluid molecules toward the surface. 
This potential varies along the surface because the arrangement 
of adsorbent atoms causes the adsorbate molecules to suffer vary- 
ing momentum changes as they move. In fact, if the local varia- 
tion is large enough, admolecules may become localized, the 
amount being a function of temperature and surface coverage. In 
addition, the admolecules vibrate normal to the surface; this is a 
momentum exchange mechanism with the surface as well as an 
equilibrium energy effect, which was ignored in an earlier treat- 
ment (Lee and OConnell, 1972). Further, the admolecules inter- 
act with each other, the quantitative effects depending upon 
whether they are mobile or not and upon their location in the 
structured potential. Finally, there may be important interaction 
between the gaseous and adsorbed molecules which affect the to- 
tal flux. 

There are several important physical cases to be considered. 
The bulk gas phase may be pure or mixed, with the amount ad- 

sorbed ranging from negligible to a significant fraction of a mono- 
layer. The solid can be packed in a porous bed, with the flux being 
due to different pressures at the inlet and outlet for a pure com- 
ponent, or to different partial pressures of the components in a 
mixture while the total pressure is constant throughout the sys- 
tem. A special case of the latter is tracer flow of one isotope 
present at very low concentrations in another isotope. Each of 
the above cases results in slightly different macroscopic relations, 
although the molecular phenomena are the same. 

A number of treatments of adsorption and surface diffusion ex- 
ist. However, these theories often treat only equilibrium or trans- 
port, rather than both. Surface equilibrium and transport should 
be amenable to a unified potential model and statistical mechani- 
cal treatment such as second virial coefficients and ideal gas trans- 
port properties are. Part I of the present study gives the develop- 
ment of the expressions for all of the physical situations of 
adsorption and flux of gases through a porous beds of homogene- 
ous adsorbents with submonolayer coverage. In Part I1 the expres- 
sions are applied to several cases of pure and mixed gases with 
graphitized carbon black. 

CONCLUSIONS AND SIGNIFICANCE 

Ekpressions have been developed from statistical mechanics to 
model the equilibrium isotherms and all of the transport proper- 
ties for an important class of adsorption systems. Specifically, 
these include pure and mixed gases, which can be localized or 
mobile when adsorbed at submonolayer coverage on homogene- 
ous surfaces in porous beds where the gas phase is in the Knudsen 
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Regime. The important physical effects rigorously or approxi- 
mately included are gas-adsorbate interactions, including en- 
hanced fluxes due to convective bulk phase flow, molecular scat- 
tering mechanisms that control the surface flow due to both the 
structured adsorption potential and the vibrations normal to the 
surface (including anharmonicity, which becomes important at 
high temperatures), and interactions between mobile and local- 
ized species at finite coverages. Most of these phenomena are well 
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defined in physical and nondissociative chemical adsorption, so 
the emphasis is oriented toward them. However, to the extent that 
molelcular flow and interactions are the same in dissociative sys- 
tems, the thmry will apply. 

The relations are complex because of the generality attempted; 
the equations and parameters are explicitly discussed. The input 
information includes appropriate physical properties of the ad- 

sorbent and the bed and intermolecular potential energy parame- 
ters for adsorbate-adsorbate and adsorbate-adsorbent interac- 
tions. Numerical results, a strategy for parameter fitting, and 
comparisons with data for physical adsorption are given in Part 
11. The present work on homogeneous surfaces also provides a ba- 
sis for describing static and dynamic pmperties of heterogeneous 
systems. 

INTRODUCTION 

Previously, we published work describing the adsorption and 
surface diffusion of pure gases (Lee and OConnell, 1972, 1975) 
and the adsorption of binary gases (Lee and O’Connell, 1974) on 
homogeneous solid surfaces based on a single model for partially 
mobile adsorption using the methods of statistical mechanics. 
This approach is physically realistic and can be extended to mixed 
gases and heterogeneous surfaces. With extension, it is also capa- 
ble of describing the bulk and surface flow in the presence of in- 
teractions between the two phases. For example, the model for 
the momentum exchange between the bulk molecules and ad- 
molecules proposed by Thakur et d. (1980) is readily applicable 
for this purpose. The concept of partially mobile adsorption is a 
natural consequence of the admolecular potential energy, whose 
calculated values are available in a number of references (e.g., 
Steele, 1973). The calculated results clearly show that the surface 
potential is structured with energy peaks and valleys. Steele and 
Ross (1961) showed that the adsorption can be considered mobile 
or localized for practical purposes only in extreme cases of the ra- 
tio of potential to kinetic energies, EJkT < 0.5 or EJkT > 5,  re- 
spectively, where ci is the difference between the maxima and the 
minima of the periodic potential. 

Despite this understanding, adsorption has usually been mod- 
eled by a Langmuir localized adsorption or by Hill-de Boer mo- 
bile adsorption (Ross and Olivier, 1964), probably because the ef- 
fect of partially mobile adsorption is not readily discernible in 
equilibrium adsorption. However, the structure of the adsorption 
potential is essential in describing the limitations on the rate of 
surface flow. Both admolecule-admolecule and admolecule-sur- 
face interactions are important in the mechanism of surface diff u- 
sion (Ash and Barrer, 1967). The latter involves the thermal oscil- 
lation of surface atoms, the periodic structure of the surface 
potential that directly affects the movement of admolecules para- 
llel to the surfaces, and vertical vibrations of admolecules that 
also cause energy and momentum exchange with the surface at- 
oms. This last effect was neglected in our previous treatment (Lee 
and OConnell, 1972, 1975). As shown in Part 11, proper treat- 
ment of this effect results in improved description of the tempera- 
ture variation of the properties of these systems with physically re- 
alistic potential parameters. 

In addition to the above extension of our model, this work de- 
scribes its formulation for mixtures and gives a theoretical frame- 
work for the interaction of bulk and surface flow in homogeneous 
surfaces. This report describes the theory; Part I1 gives the calcu- 
lational methods and comparisons with experimental data. 

POTENTIAL MODEL 

The potential energy of an admolecule varies with its distance 
from the surface, depending on its position relative to the lattice 
surface atoms (Steele, 1973; Steele and Ross, 1961). The vertical 
potentialhas a short-range repulsive part and a long-range attrac- 
tive part. For submonolayer adsorption, we define a two-dimen- 
sional adsorbed layer along the time-averaged position of admole- 

cules normal to the surface. In this layer we model the local 
horizontal variation of the admoleculesurface potential of com- 
ponent i at position rk as 

r ,  > 4 2  U81(7kJ = - u,, 
= - urn - E, r, <as,12 (1) 

where 7, is the separation between center of the molecule and the 
center of a site. This means that the site has a cylindrical energy 
well of diameter us, and depth E,  whose values depend on the com- 
ponent adsorbed. Steele and Ross’s (1961) calculation shows that 
the horizontal variation is more like a conical well, but scattering 
from a cylindrical well is much simpler to evaluate. The surface 
will have many sites associated with the surface atoms. In the 
present case, the surface is considered homogeneous, so every site 
on the whole surface is characterized by Eq. 1. 

The potential energy of an admolecule is also affected by other 
admolecules. Sinanoglu and Pitzer (1980) discuss this interaction; 
it is more like hard spheres than is the bulk potential for the same 
species. Thus, we model this potential by a hard-disk repulsion 
plus a weak, long-range attractive force similar to the Sutherland 
potential model (Hirschfelder et al., 1954). 

Ut,hJ = c’ 1x1 < aff*l 

where rii is the separation of the centers of the admolecules pro- 
jected to the surface. Thus, the interaction potential between two 
admolecules of components i and j is determined by the attractive 
potential parameter ccii and the hard-disk diameter u ~ , ~ ,  The total 
potential of a molecule i located at Y ~ ,  U,(rk), is the sum of its sur- 
face and admolecule contributions 

(3) 

EOUlLlBRlUM STATISTICAL MECHANICS 

For equilibrium properties, the partition function approach is 
adopted as previously (Lee and O’Connell, 1972, 1974, 1975). 
The admolecule-surface potential leads to the zero coverage Hen- 
ry ’s  constant and to the fraction of adsorbed molecules in the mo- 
bile and localized states accessible to them. The fraction in each 
state can be calculated from admolecule-surface interactions if 
the number of sites is significantly greater than the number of ad- 
molecules. This is true on graphitized carbon black at coverages 
fairly close to a monolayer, for example. Here, then, the fractions 
can be assumed to be independent of the amount adsorbed, lead- 
ing to an “indistinguishable mixture” of mobile and localized spe- 
cies. However, for strongly localized chemisorption systems with 
few sites, this analysis would be inappropriate. The admolecule 
interactions with theVan der Wa& fluid approximation lead to a 
coverage dependence with separate contributions from the at- 
tractive and repulsive parts. Standard statistical mechanical 
methods of analysis (e.g., Hill, 1960) can readily be applied to 
this model (as long as proper modifications are made to account 
for partial localization). 
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The molecular partition function for a single admolecule of 
component i is written as 

q, - q T q y 9 y q > ” * A T  (4) 

where 47‘ and q y b  denote the rotational and vibrational parti- 
tion functions, g is the partition function for the normal motions, 
and 4:’ is the partition function for the translational motion along 
the two-dimensional plane. In the harmonic oscillator assump- 
tion with the frequency v,, q is 

(5)  e-hv,/ZkT 1 (1 - e-hut/kT) 
9: - 

The frequency v, should depend on whether the admolecule is on 
a site or not, but we assume a single average value for simplicity. 
For anharmonic vibrations, v, can be made a function of T (see 
below). The expression for 4:’ for admolecules not on the sites 
(mobile-off site) is 

q,,,: = k2 4 - (6) 

e,, = p ,  uy4 (7) 

where 

4-1 = (2 K m, kT/hZ)1’2 and p ,  is the number of sites per unit 
surface area. The admolecules on sites have extra potential en- 
ergy E ,  and this potential energy is combined with the transla- 
tional part. If the radial component of the kinetic energy is less 
than E,  at the point of the contact with the site, the admolecules 
are localized. Thus, the expressions for localized admolecules, qd, 
and mobile-on site molecules, q,n,s, are 

9;; - h,2(Bs,/&?f</kT erf ( c , / k T )  

(Irrns tr - - A F 2 A  0 Sl e4/kT erfc(c,/kT) 

(8) 

(9) 

where erf (E,lkT) and erfc le,lkT) are defined as 

dqE 

(10) 

(11) 

2 
v 5  

erf (c,lkT) - - z-’dx 
0 

erfc ( c , / k ~ )  = e-1 dx = 1 - erf (E,/kT) 2i 7r 
J/r,/kT 

They reflect the restrictions on the components of momentum dis- 
tribution. This leads to 

9: - L o  + 4:Im* 
= A;~A[I - e,, 
+ Ospf<’kTerf~(~,/kT)] (12) 

It is to be noted that in writing q$ the usual horizontal vibration 
mode is replaced by a restricted translational mode, a result of the 
assumption of cylindrical sites. The fractions of the various types 
of admolecules are then written as 

jimo = (1 - es,)/(i - e,, + eStefi/kT) 

f ,  = es,eff’kTerf(E2/kT)/(1 - e,, + O,/f’kT) 

(13) 

(14) 

jznw - 0,,e“lkTerfc(t,/kT)/(l - 0,, + Osjefi/kT) (15) 

i 

where 

and 

In addition, uM,J is defined by the following expression 

u, q < uHg < uN(q + 1) = uM,, (21) 
where u, is the nearest distance of the surface lattice and q is an 
integer. Also uH,, and cGIi are given by 

q = 1,2,3, . . . . . 

uHq = (‘H$ + UHj)’* 

e, = (EG, E C y 2  

(22) 

(23) 

The free area A, is calculated from the relation 

aln(Af/A)N/aA 

= CZ(4? , , / 2 )  W,N,IA2) R 4 t , g q ( ~ H t , )  (24) 
J J  

where gjj(uHjj) is the hard disk radial distribution function and RAjI 
corrects it for the decrease of contact probability between local- 
ized molecules. The hard disk radial distribution function at con- 
tact is obtained from the two-dimensional scaled particle theory 
(Lebowitz et al., 1965) 

gs(%,) = 1/(1 - 0) + (%iuf111/2~;,,3 e/(l - el2 (25) 

i 

The localized admolecules may not contact one another if the dis- 
tance between boundaries of occupied sites is less than uHii. Other- 
wise they can contact freely. This discontinuity results from the 
cylindrical well assumption. This undesirable variation can be 
avoided by assuming that the contact probability for localized ad- 
molecules is one-half of that for mobile-mobile and localized-mo- 
bile admolecules. Thus, we assume the correction factor to be 

The partition function for adsorbed mixtures is then 
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where 

The adsorption isotherm follows from the equality of the chemi- 
cal potential in both phases. Assuming ideal gas for the bulk 
phase, we have 

GO 
= --1 + I n y i p  = 

kT V.T kT 

Then 
Pi = yip = H ,  

where 

(34) 

[ 1 - ex(%)] exp[ - (U, - f hvi)lkT] (39) 

30 - 20' 2EGi  R ,  ~ - R, - 0 
(1 - 0 ) 2  kT 

Other thermodynamic properties can be calculated from the par- 

tition function or adsorption isotherm. For example the isosteric 
heat of adsorption, qat, is 

TRANSPORT THROUGH POROUS MEDIA WITH ADSORPTION 

To be directly compared with experimental data, both macro- 
scopic expressions and microscopic modeling must be given. Mac- 
roscopically the total flow through a porous plug J: is the sum of 
surface flux Js and bulk flux 1," : 

IT = JS + 1: (43) 
In general, Jf and J f  are not independent, and the presence of 
other components affects their values. Lumping the effect of such 
interactions into interaction factors r; and I'p, we rewrite Eq. 43 
as 

J: = r p  + r C p  i ,  = JS , I  + JC (44) 
where ]so and 1:" are fluxes in the absence of interactions 

x d P i  
RT dl Ji = 

where Ci is concentration of admolecules of component i per unit 
bed volume. If we wume the bulk flow is in the Knudsen regime, 
the effective bulk diffusion coefficient is 

DF = (2/3)ra,,(8kT/umi)l~~ ( E / T )  (47) 
where r,, is the mean pore radius, R is the gas constant, T is the 
temperature, m, is the molecular mass, E is the void fraction, and 7 
is the tortuosity factor. 

For the determination of surface flux, a reference flux of non- 
adsorbed gas is experimentally determined. Then, by the molecu- 
lar weight correction of Eq. 47, the bulk flux of adsorbable gases, 
IFo, is calculated. The difference between the measured total flux 
1,' and the calculated bulk flux is then attributed to surface flux. 
The surface flux determined by this method is related to ]SO using 
an interaction factor ry: 

where r y  is obtained from Eq. 44,45, and 46. 

DKeI'C - 1 dPi rM= r f +  -+-- 
D i  RT dC, (49) 

Other than total fluxes or surface fluxes, experimental data are of- 
ten reported as local quantities. They can be total permeability, 
KT, surface permeability, Kf, total diffusion coefficient, DT, and 
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surface diffusion coefficient, 0;. These quantities are defined by 
the following equations. D ,  dC, RT 

DJK'dPl 1 rs - c b%Z,,-l,+, se - - 
J 

The present theory allows their calculation from the following: 

(53) 

(54) 

Knudsen flow occurs when the mean free path is much larger 
than the pore diameter. If the ratio of the mean free path to the 
pore diameter is not greater than unity, the usual method of cal- 
culating the gas phase flux from the helium flux by the molecular 
weight correction becomes unreliable. Such problems related 
with these porous media are discussed by Barrer and Gabor 
(1960), for example. 

For the calculation of ri)s, it is convenient to use a matrix form. 

Model expressions for the coefficients a and diffusion coefficient 
DF are given below. In addition to them, an expression for dP,/ 
dCi is needed. For a pure component, this derivative can be evalu- 
ated from differentiating the experimental adsorption isotherm 
or from the above theory and its parameters. For mixtures, how- 
ever, dPi/dCi cannot be directly evaluated from equilibrium ad- 
sorption. Rather, the following relation must be used. 

where 8PiIdCi is the isotherm derivative. Equation 60 could be 
evaluated experimentally only if profiles for the Pi's or C,s are 
known. Normally, however, the theoretical expression for these 
quantities, Eq. 33, would be used. 

STATISTICAL MECHANICS OF SURFACE DIFFUSION 

For transport, we use the Chapman-Enskog method as before. 
A Boltzmann equation is written for the admolecule distribution 
function with collision operators for the various scattering mech- 
anisms. In addition to those of the structured potential and the 

where c is the number of components. If a component k does not 
adsorb, the elements DF and J f  are zero so they should be omitted 
from Eq. 56. Inversion of Eq. 56 gives a coefficient matrix 
(Wii = ( C 1 ) i ,  

admolecules, we now include effects from normal vibrations, ad- 
sorbed molecules of other components, and interactions with 
bulkgasmolecules. 

In the above expressions, the surface diffusion coefficient con- 

= -  

where the quantities r: and r: are then 

DKedP r: = c b2(,--1)+1,2(1--l)+l - D y d P ,  > 

tains the information about the field of the adsorbed molecules 
which must be mobile. In the absence of interactions with the 
bulk phase, three types of effects are considered: admolecule-site 
interactions, normal vibrations, and admolecule-admolecule in- 
teractions. When a mobile molecule collides with a site, it 
changes its energy state. Depending on its momentum, it may 

+ E~Z(~-I )+~Z,  jj$$ RT (58) leavethesiteornot. Evenifitleavesthesite, itlosespartofitsmo- 
mentum in the direction of flow, There are also vertical collisions 

J 

Dse dC 

J 
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of admolecules with the surface due to normal vibrations, which 
result in partial loss of the momentum in the direction of flow. As 
the amount adsorbed increases, the mobile molecules collide with 
localized molecules as well. When there are other components 
adsorbed on surfaces, the collisional effects should also include 
those with localized and mobile species of the other components. 

To make the statistical mechanical analysis less complicated, 
we consider a steady state problem for homogeneous media in the 
presence of an external force X ,  (which turns out to be the chemi- 
cal potential gradient) acting on species i as presented by Rice and 
Gray (1967) for liquid diffusion. The Boltzmann equation for 
mobile species of component i can be written as 

where the righthand side indicates the four binary collision oper- 
ators due to interactions with localized admolecules, interactions 
with sites, normal vibrations, and interactions with the mobile 
species of other components, respectively. The F's are the mornen- 
turn distribution functions for various species. When normalized, 
they are given by following equations at equilibrium. 

F $ )  = ___ exp (- " ) I  erf (Ei/kT) 
2umikT 2mikT 

In the above equations for F,r(O) and F,,,,:"', p,z is a component of the 
momentum and reflects the assumption that admolecules on sites 
that move perpendicular to the circumference but have kinetic 
energy less than E ,  are localized, as in the equilibrium property 
calculations. 

Consistent with the theory of the Van der Waals fluid (Dymond 
and Alder, 1966), J2(F,,,,,F,J and Jz(F,,,,,F,,,,) involve only hard-disk 
interactions and are written as 

J2(FmJ,J = g,,(%JUm, 

\\ (FI,F;, - F : Z F , 3  (g k)dkdP, (67) 

If (Ft& - F:,rF,,J (g k)dkdP, (68) 

,q*k>O 

J4Fm 9 F p )  = gq (n,,tJ n,,q 

g-k>O 

where g is the reduced relative velocity and k is the unit vector in 
the center to center direction. Primed quantities refer to the states 
after collision. 

Jz(F,,,,,FJ is formulated similar to that in the square well theory 
of bulk transport (McLaughin and Davis, 1966), but without the 

hard-sphere collision effects. The incoming and outgoing colli- 
sions are assumed uncorrelated because of the rapid vibration of 
surface atoms. This collision operator consists of two parts; one 
for incoming collisions and the other for outgoing collisions. 

c-k>U 

g-k<-( 6)''' 

where gw( + 4 2 )  and gJ - 4 2 )  are the radial distribution func- 
tions at contact of sites and admolecules at the outside and inside 
of the cylindrical wall, respectively. They are assumed to be 1 and 

respectively, so that their ratio is consistent with that of the 
square well theory. The quantity J2(Flm,z) is the effect of normal 
vibrations on the surface plane. The normal motion of admole- 
cules would not affect the motion in the surface plane for elastic 
collisions, but here they are inelastic. We formulate this effect us- 
ing the basic equation of Markovian processes (Rice and Gray, 
1965). 

where K(p,,p,j is the rate of transition from p,'to p ,  ' . In this par- 
ticular case, p,'is in the equilibrium distribution whereas p ,  is not. 
Therefore K{p,',p,) should be zero and J2(F,,,,,z) can be rewritten as 

Now the solution for the distribution can be obtained in the 
usual linear approximation (Lee and OConnell, 1972) by assum- 
ing 

(74) F,,, = F:: (1 + a,) 
and multiplying both sides of Eq. 61 by I/+(") 

(75) 

where $2 is a Kihara function (Kihara, 1953) for bulk transport 
and qi is the component of momentum in the direction of flow. 
Finally we integrate over pi.  In the solution we assume 

F,/ = Fj:) (76) 

F,  =Fj"' (77) 

because localized molecules and sites do not flow. We also assume 
the m a s  of the sites is very large. Then p, - m, and p , / d ' F T  
is very close to g. Therefore the limit of integration on the relative 
velocity frame in Eq. 68 becomes consistent with the equation on 
the absolute velocity frame in Eq. 65. Furthermore, in the evalua- 
tion of ]z(Fz,,,,F,m) it is convenient to assume that F,,,, is in equilib- 
rium in the frame of motion with the average velocity < u, > for 
component i .  This means that F$) and 9, - < u, > replaces F,,,, 
and a,. Finally we identifyX, as the chemical potential gradient of 
admolecules, which is equal to the chemical potential gradient of 
bulk molecules. 
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Xi = -AG (78) 

Using the above development in Eq. 61, the desired effective sur- 
face diffusivity is 

D .  se =-(-) 1 alnPi 
’ St;, ahp i  (79) 

where 6 is the effectiveness factor for surface diffusion, (61nP,/ 
dlnp,) is the isotherm derivative, and (,: is given below. The number 
density per unit surface area, pi is related to C, by 

c, = P:~/NLM) (80) 

where N, is the Avogadro’s number and u is the surface area per 
unit bed volume. The quantity t,, is calculated from 

c-. = (4*m,/kT) lie ‘c Pg,, (a,,,,)E,,(21c,,/~,)”2 [ ,  
+ PsAf%E,, + T,EK, 

I * ‘  

The functions Ga and Gb are tabulated in Lee and OConnell 
(1972). The function erfc(ei/kT) defined by Eq. 11 often appears 
in denominators in our expressions. Accurate values for it may be 
obtained from the tabulated function Gd (Table 1) for small val- 
ues of &T. 

Gd(ei/kT) = efi’kT erfc (ciIkT) 

J;; eKZ2 Z ( Z 2  + €,/kT)-”? dz (go) 
0 

The friction coefficient {,is calculated as a product of the vertical 
vibrational frequency v, and the average momentum accommo- 
dation coefficient 7, in each collision. The accommodation coeffi- 
cient, y,, is implicitly a dyadic quantity in the direction of the ve- 
locity of colliding molecules; it must be transformed to an effec- 
tive accommodation in the direction of the average flow leading 
to 

ti = viyij cos2 9d9jd9 = 112viyi (91) 

For the case of surface diffusion of a tracer (component t)  which is 
negligible in concentration in component i but with the same in- 
termolecular forces, 

GAS-SURFACE FLUX INTERACTION 

To account for effects of molecular collisions between the bulk 
and adsorbed phases, we extend the momentum balance equa- 
tion developed by Thakur et al. (1980) for the partial pressure gra- 
dient of species i in a mixture flowing through a porous medium. 
Here, 

where the quantities M,w, M?, and M,: are the rate of momen- 
tum lost per unit pore volume due to collisions of i with the wall, 
with admolecules of i and other components j, and with bulk 
phase j molecules, respectively. For a pure component, M,,G van- 
ishes and only the effect of collisions with wall and admolecules 
remains. Therefore this equation is valid in the Knudsen regime. 
For mixtures, when convective flow is absent in the bulk phase 
Eq. 93 is probably valid even at high pressures. In particular, con- 
vective flow can be neglected if the total pressure is constant even 
though the mole fractions differ across the bed. In Eq. 93 the wall 
momentum loss is 

where Jic is the bulk phase flux for component i, and DiKp is the 
Knudson diffusion coefficient of component i given in Eq. 47. 
Finally 8, is the fraction of surface covered by admolecules of 
component j that collide with bulk phase component i .  Thakur et 
al. (1980) obtained the following equation for M:: 

Also 

G,,(e,lkT) = -$le-ie-gplarz x d x d y d X d Y  

x3 + ye + X’ + Y 2  5 ei/’.T x > 0 (87) 
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TABLE 1. TABULATED VALUES OF FUNCTIONS 

EkT 

0.0 
0.2 
0.4 
0.6 
0.8 

1.0 
1.2 
1.4 
1.6 
1.8 

2.0 
2.2 
2.4 
2.6 
2.8 

3.0 
3.2 
3.4 
3.6 
3.8 

4.0 
4.2 
4.4 
4.6 
4.8 

G,(cAl? 
0.0 
0.039 
0.098 
0.163 
0.228 

0.291 
0.351 
0.407 
0.460 
0.510 

0.556 
0.598 
0.637 
0.674 
0.707 

0.737 
0.765 
0.791 
0.814 
0.835 

0.853 
0.870 
0.886 
0.899 
0.912 

0.0 
0.012 
0.034 
0.062 
0.096 

0.134 
0.176 
0.220 
0.266 
0.314 

0.364 
0.416 
0.468 
0.522 
0.578 

0.636 
0.694 
0.752 
0.812 
0.872 

0.934 
1.016 
1.058 
1.122 
1.186 

1.0 
0.643 
0.553 
0.498 
0.458 

0.427 
0.403 
0.382 
0.365 
0.349 

0.336 
0.324 
0.314 
0.304 
0.295 

0.287 
0.280 
0.273 
0.267 
0.261 

0.255 
0.250 
0.245 
0.211 
0.236 

5.0 
5.2 
5.4 
5.6 
5.8 

6.0 
6.2 
6.4 
6.6 
6.8 

7.0 
7.2 
7.4 
7.6 
7.8 

8.0 
8.2 
8.4 
8.6 
8.8 

9.0 
9.2 
9.4 
9.6 
9.8 

0.922 
0.932 
0.941 
0.948 
0.955 

0.961 
0.966 
0.971 
0.975 
0.979 

0.982 
0.985 
0.987 
0.989 
0.991 

0.993 
0.994 
0.995 
0.996 
0.997 

0.998 
0.999 
1.0o0 
1.0o0 
1.0o0 

1.250 0.252 
1.316 0.228 
1.380 0.225 
1.446 0.221 
1.514 0.218 

1.580 0.215 
1.648 0.211 
1.716 0.209 
1.784 0.206 
1.854 0.203 

1.920 0.200 
1.992 0.198 
2.062 0.195 
2.138 0.193 
2.202 0.191 

2.274 0.189 
2.344 0.187 
2.416 0.185 
2.488 0.183 
2.560 0.181 

2.632 0.179 
2.706 0.177 
2.778 0.175 
2.852 0.174 
2.921 0.172 

On the righthand side of Eq. 95 the first term is due to inelastic 
collisions with the localized i admolecules while the second term 
is due to elastic collisions with mobile i admolecules. An expres- 
sion forGi can be developed assuming that the collisions of bulk i 
molecules with localized i admolecules are diffusive, while those 
with mobile i admolecules are elastic. Thakur et al. gave such an 
expression forQ,, for interphase collisions and our extension to the 
multicomponent case is 

where 

(97) 

pk is the number density of component k per unit surface area and 
a,,, is the arithmetic average of u,,, and of,,. Mzic is written from the 
kinetic theory of gases: 

RT 
Dii 

MG = - (yJ,? - yJ,?) 

where yi is the mole fraction of i in the bulk phase and Dii is the 
mutual diffusion coefficient. 

For the calculation of surface fluxes in the presence of inter- 
phase collisions, the momentum transfed to the mobile species 
of component i from the bulk phase is a driving force for surface 

flow. For a mole of mobile admolecule i ,  this effect is obtained 
from the second term of the righthand side of Eq. 95 multiplied 
by T/E and divided by the moles of mobile admolecule in a unit 
volume of bed ( - CfJ. This term is added to the chemical po- 
tential gradient to give an effective driving force X: for compo- 
nent i. 

This is now substituted for X i  in the modified Boltzmann equa- 
tion given in Eq. 61, and the general flux equation is obtained. 
Lee et al. (1983) give the derivation for pure components. 

For a pure component flow, the above analysis indicates that 
the interaction increases the bulk phase flow. This is analogous to 
replacing the fixed-wall inelastic collision by an elastic collision 
against a wall moving in the same direction, where the bulk phase 
flow would certainly be enhanced. The surface flow is also in- 
creased by bulk flowing in the same dfmtion, as our numerical 
results always show. 

Use of Q. 93-99 yields expressions for the matrix a of Eq. 56. 
This matrix is numerically inverted to given matrix b which is 
needed in evaluating I',' and r i s  of Eqs.58 and 59. 

=2(,-1)+1,2(1-1)+1 = 1 - C e i k f k m ( l  - d m , )  (1 - 
[ k  1 
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( i  # j )  (103) 

Finally, to completely relate the theory to experiment, equations 
must be given for the reduction of pore volume due to adsorption, 
for the momentum accommodation coefficients Xi in Eq. 91 and 
for a method to correct vibrations normal to the surface for the ef- 
fect of anharmonicity, We define the effective void fraction P for 
bulk flow 

I 

where is the fractional surface coverage by component i as de- 
fined by Eq. 27, u is the surface area per unit bed volume, and drii 

is the hard-disk diameter of component i. In writing Eq. 104 to 
account for pore size reduction we assume the admolecules are 
hard spheres. 

For the momentum accommodation coefficient of a single col- 
lision of an admolecule with a surface atom, the classical expres- 
sion due to Baule (Loeb, 1961, for example) is used with a propor- 
tionality factor a,. 

7, = CwJ(m, + m,) (105) 

where m, and m, are the molecular weight of surface atoms and 
adsorbed components, respectively. Goodman (1969) assumed 
that a, depends on the incident angle and the structure of solid 
surface. When his results for point molecules colliding with hard- 
sphere surface atoms are angle-averaged, a, = 0.5 for the tan- 
gential momentum accommodation. We assert that this is ade- 
quate for real collisions on the surfaces of interest here. 

For the normal vibration anharmonicity, which is important 
for modeling over wide temperature ranges, we follow the 
method of Pitzer (1953) for equilibrium and transport properties. 
An effective vibrational frequency, ve, for use in the partition 
function of Eq. 5 and the friction coefficient of Eq. 91 can be cal- 
culated as 

[I + F / ( e x p ( & )  - l)']] (106) 

wherer is a parameter. This effective frequency is used for the ad- 
sorption isotherm of Eq. 39 when x is nonzero. 

Anharmonicity also effects transport. The potential energy 
normal to the surface is flattened relative to the harmonic form 
because the vibrational frequency is proportional to the square 
root of the second derivative of the potential with respect to the 
distance. This in turn implies that the effective distance of the po- 
tential minimum from the surface is increased, while the mini- 
mum adsorption potential energy remains constant. In a struc- 
tured surface potential (whether homogeneous or not), the 
differences in energy between sites and surroundings are reduced 
as the average adsorbate-adsorbent separation is increased. As a 
result, the potential appears more uniform and the effective value 
of the site energy, E , ,  becomes smaller as the temperature in- 
creases. Inspection of Steele's (1973) calculation for argon and 
krypton indicates that a relation for the effective activation en- 
ergy, €; might be 

This ~t is used in Eq. 84-90 when the anharmonicity parameter x 
is nonzero. 

CONCLUSIONS 

A complete theory has been developed for equilibrium and 
transport for porous media with submonolayer adsorption on ho- 
mogeneous surfaces. Equations 33 to 40 (with Eqs. 106 and 107 
for systems varying over wide temperature ranges) are used to de- 
scribe equilibrium adsorption for highly mobile to highly local- 
ized adsorbates. Depending on the desired transport property 
chosen from Eqs. 44-55, the model expressions are Eqs. 58, 59, 
60,79, 80-91,96,97, and 100-107. The model quantities are the 
physical parameters of the mean adsorption energy Uoj,  the low 
temperature vibration frequency vi and its anharmonicity x, the 
surface potential energy ei and site diameter usi, the admolecule 
interaction energy eCi and diameter ufIi, and the surface tortuosity 
factor 6. Also needed are the experimentally accessible bulk void 
fraction E ,  the site density p,  and nearest neighbor site separation 
u,,,, the total surface area A, the surface area per unit volume u, 
the Knudsen diffusion coefficient Dre, and the gas phase mutual 
diffusion coefficients Dip While this appears to be a large amount 
of information, the application of the model to real systems is 
fairly straightforward. Part I1 applies the model to all of the data 
we are aware of. 
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NOTATION 

= surface area per unit mass of adsorbent, m2* kg-' 
= free area, Eq. 29 
= element of matrix defined by Eq. 56 
= element of matrix defined by Eq. 57 
= molar concentration of admolecules per unit bed 

= effective Knudsen diffusion coefficient, Eq. 47 

= surface diffusion coefficient, Eqs. 45-59, 79, 

= total diffusion coefficient, Eq. 53, m2-s-1 
= factor for surface diffusioncoefficient, Eqs. 81 and 

= factor for surface diffusion coefficient, Eqs. 81 and 

= factor for surface diffusion coefficient, Eqs. 81 and 

= factor for surface diffusion coefficient, Eqs. 81 and 

= momentum distribution function, Eqs. 61-77 
= fraction of admolecules in state 
= chemical potential, Jlmol-' 
= function defined by Eq. 87 for use in Eqs. 85 and 86 
= function defined by Eq. 89 for use in Eq. 88 
= function defined by Eq. 88 for use in Eq. 84 
= function defined by Eq. 90 for estimating erfc(E,/ 

= relative velocity of colliding molecules along the 

= radial distribution function 
= Henry's constant for adsorption, Eqs. 33 and 39, 

= Planck's constant, 6.625 X 
= molar flux, mol-m-2.s-1 
= collision operators 
= permeability, Eqs. 50-54, rnol-m-'.Pa-l.s-l 

volume, m01.m-3 

m2.S-l 

m2.s-l 

83 

86 

85 

84 

kT) at small values of €,AT 

m a s  center, m0s-l 

Palm2 
J-s 
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= Boltzmann constant, 1.38 x 10-23J*K-1 
5 unit vector between spaces centers 
= coordinate along the axis of flow, m - number of surface sites 
= rate of momentum loss due to collisions, Eqs. 93-98 
= atomic or molecular m a s  - number of molecules 
= Avogadro’s number, 6.023 X 
= pressure,Pa - partial pressure of component i - yie Pa 
= momentum 
= system partition function, Eq. 17 - molecular partition function, Eqs. 4-12 
= isosteric heat of adsorption, Eq. 42, JSm1-l 
= universal gas constant, 8.314 J-mol-l-K-l 
= correction factor defined by Eq. 28 - correction factor defined by Eq. 34 - defined by Eq. 35 
= defined by Eq. 36 
= defined by Eq. 37 
= defined by Eq. 38 
= separation between species centers, m 
= mean pore radius, m 
= expression defined by Eq. 30 used in Eq. 29 
= expression defined by Eq. 31 used in Eq. 29 
= temperature, K 
= potential energy of admolecules, Eqs. 1-3, J-mol-’ 

molecules-mol-1 

_. 
<v,> 
X i  

Y 
z, 

= average velocity of component j ,  M-s-’ 
= force acting on an admolecule, Eq. 61 

= gas phase mole fraction 
= configurational part of the partition function, Eq. 

X = anharmonicity parameter Eq. 106 

18 

Greek Letters 

= proportionality factor for accommodation, Eq. 

= momentum accommodation coefficient, Eq. 91 - gas-adsorbate interaction coefficient factor, Eqs. 

= effectiveness factor for surface diffusion, Eq. 79 

105 

44-59 

Kronecker delta 
bed void fraction 
admolecule-site interaction energy, J-mol-I 
admolecule-admolecule interaction energy, 
J-mol-1 
friction coefficient defined by Eq. 91 for use in Eq. 
81 
total surface coverage, Eq. 26 
surface coverage by component i, Eq. 27 
surface coverage for interphase interaction defined 
in Eq. 96 for use in Eqs. 94 and 95 
fractional coverage of surface (dimensionless), Eq. 
7 
fractional coverage of surface defined by Eq. 97 
surface coverage defined by Eq. 40, for use in Eqs. 
33,41, and42 
inverse de Broglie wave length = (2~m,kT/hZ)-”~, 
m-l 
reduced mass, kg 
frequency of normal vibration, s-I 
terms defined by Eqs. 81 and 82 
moles adsorbed per unit surface area, m-z 
number density of sites per unit surface area, m-2 
surface area per unit bed volume, m-’ 
hard-disk size for admolecule-admolecule interac- 
tion, m 

us = sitesize, m 
a, 

m, Eq. 21 
ON 
(c,~ 
0 

= nearest distance between localized admolecules, 

= nearest distance between surface sites, m 
= quantities defined in Eqs. 19 and 20 for Eq. 18 
= linear perturbation term in the momentum distri- 

bution function, Eq. 74 

= factor defined by Eq. 75 
7 = bed tortuosity factor for Knudsen flow 
II.,‘“) 

Superscripts 

standard state 
absence of interphase interactions, Eqs. 45 and 46 
equilibrium distribution 

bulk gas phase 
Knudsen flow 
rotational mode 
adsorbed phase 
effective surface flow 
total 
transational mode 
intramolecular vibrational mode 
unadsorbed surface 
normal vibrational mode 

effective properties 

Subscripts 

i = componenti 
ij 
im 
imo 
im 
il 
i 
k 
Oi 
S = surfacesite 
Si 
t = tracer component 
X = normal to site circumference 

= interactions between components i and j 
= mobile state of component i 
= mobile state of component i off sites 
= mobile state of component i on sites 
= localized state of component i 
= running index for components 
= running index for components 
= potential off sites relative to bulk phase 

= interactions between component i and surface sites 
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